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Abstract. This is a continuation of the work of Arezzo-Pacard-Singer and 
the author on blowups of extremal Kahler manifolds. We prove the conjecture 
stated in [32J, and we relate this result to the K-stability of blown up manifolds. 
As an application we prove that if a Kahler manifold M of dimension greater 
than 2 admits a cscK metric, then the blowup of M at a point admits a 
cscK metric if and only if it is K-stable, as long as the exceptional divisor is 
sufficiently small. 



1. Introduction 

We continue our study |32| of extremal metrics on blown-up manifolds, following 
the work of Arezzo-Pacard [U [2] and Arezzo-Pacard-Singer [3] . See Pacard [21] for 
a survey and see also LeBrun-Singer [T8|, Rollin-Singer (23!, Tipler f35^, Biquard- 
RoUin ^ for related work. The starting point is a compact Kahler manifold M with 
an extremal metric ui. The notion of extremal metric was introduced by Calabi [B], 
and it means that the gradient of the scalar curvature Vs(a;) is a holomorphic 
vector field. The basic question that we study is whether the blowup Blpj^....^p^M 
of M in a finite number of points admits an extremal metric in the Kahler class 

(1) 7r*M - e^{ai[Ei] + 03 [^2] + • ■ • a„K]), 

where tt is the blowdown map, ai , . . . , a„ > are constants, e > is very small, and 
Ei are the exceptional divisors. Our methods, following [TJ [31 [3] are perturbative, 
restricting the results to sufficiently small e > 0. In addition our results will be 
restricted to blowing up only one point, and dimension m > 2. We expect that with 
some more work our method can deal with the case m — 2, but blowing up more 
than one point introduces more serious difficulties as we will explain in Section [3?2] 
To state the main result, let us write G for the group of Hamiltonian isometrics 
of (M, w) and g for its Lie algebra. Let 

(2) fx:M^Q* 

be the equivariant moment map for the action of G normalized in such a way that 
the Hamiltonian functions (/i,^) have zero mean on M for all ^ G g. From now on 
we will identify g with its dual, using the inner product given by the product on 
Hamiltonian functions. Let Afi be the Laplacian of fi taken componentwise after 
identifying g* with R' for some /. A central role is played by the perturbed moment 
map 

nip) + SAti{p) 

for small 6. Note that this is simply the moment map for the action of G on M 
with respect to the Kahler form uj — 5p, where p is the Ricci form of uj. Let us write 
G^ for the complexification of G, acting on M by biholomorphisms. With this the 
main result is as follows, confirming Conjecture 6 in [32] in the case when m > 2. 
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Theorem 1. Assume that the dimension m > 2, and suppose that Vs(a;) vanishes 
at p E M. There is a So > depending on (Af, cj) with the following property. 
Suppose that for some d G (0, (5o) there is a point q in the G"^ -orbit of p such that 
the vector field fi{q) + SAfi{q) vanishes at q. Then the blowup BlpAf admits an 
extremal metric in the Kdhler class 

for all sufficiently small e > 0. 

Suppose that M is a projective variety and uj e ci{L) for a line bundle L over 
M. The condition in the theorem can be interpreted as relative stability of the 
point p with respect to the natural linearization of the G"^-action on the Q-line 
bundle L + SKm for small rational 6, where Km is the canonical bundle. In this 
terminology, our earlier result in 32 only dealt with the case when p is relatively 
stable with respect to the linearization on L. This in turn refined earlier results of 
Arezzo-Pacard-Singer [3„ where some extra conditions were required. Allowing a 
small perturbation of the line bundle L gives more precise information about case 
when the point p is strictly semistable. 

In the case when (Af , lu) is a constant scalar curvature Kahler (or cscK) manifold, 
then we can show that Theorem [1] actually gives a complete characterization of 
the possible blowup points. Suppose again that M is projective and uj £ ci(i). 
For small rational e let us write = tt*L — e'^[E] for an ample Q-line bundle 
on the blowup B\pM. The Yau-Tian-Donaldson conjecture [37l [SH [11] predicts 
that the existence of a cscK metric on the blowup BlpM in the first Chern class 
ci(Le) is related to the K-stability of the pair (B\pM, L^). In Section|3]we define 
a simple version of K-stability for Kahler manifolds, restricting attention to test- 
configurations with smooth central fibers. Using this and Theorem [1] we obtain the 
following. 

Theorem 2. Let [M,uj) be a cscK manifold of dimension m > 2, and let p S M. 
Then for sufficiently small e > the following are equivalent, and are independent 
ofe: 

(1) The blowup BlpAf admits a cscK metric in the class 7r*[w] — £^[-B], 

(2) The pair (Blp A/, tt* [cj] — ^^i^-]) is K-stable with respect to smooth test- 
configurations, 

(3) There is a point q in the C^-orbit of p such that ^{q) -\- £A^{q) = 0. 

This extends our earlier result in [32], where (Af, uj) was assumed to be a Kahler- 
Einstein manifold. A natural problem is to generalize this result to extremal met- 
rics, and we will discuss the difficulty that arises in Section 13.21 

The contents of the paper are as follows. In Section [2| we prove a finite dimen- 
sional perturbation result, which is sharper than the result we used in [32]. The 
heart of the paper is Section[3|wherc the main analytic gluing theorem, Theorem ll2l 
is proved, and the proof of Theorem [T] is given at the end of Section [3751 The main 
ingredient is a refined expansion of the solution to the equation introduced in [32j . 
This is similar to other obstructed perturbation problems in the literature such as 
Pacard-Xu [22] . but an important difference is that computing one more term in 
our case is enough to get a sharp existence result for cscK metrics when n > 2. The 
reason for this is the algebro-geometric structure of the problem. We discuss this 
aspect in the final Section [4] where we extend [321 Theorem 5] to Kahler manifolds 
which are not necessarily algebraic, and we give the proof of Theorem [2l 
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2. Relative stability 

In this section we will consider the action of a compact Lie group G on a compact 
Kahlcr manifold M , which is Hamiltonian with respect to a Kahler form lj. The 
action of G extends to a holomorphic action of the complexification G^. Let us 
write 

^i: M ^ Q 

for the moment map, where we have identified g = g* using an invariant inner 
product. Since we want to work on Kahler manifolds which may not be algebraic, we 
will review the basic ideas from relative stability [3T] in this setting. The usual GIT 
theory has been extended to this setting by several authors, for instance Mundet i 
Riera [20j , and Teleman j33j . Our definitions will not necessarily match with theirs 
since we just want to cover the bare minimum of the theory that we will use. 

We will need to work with maximal compact subgroups of other than G. If 
if C G^ is maximal compact, then K = Adg(G) for some g E G*^. The metric 
{g^^)*u! is if- invariant, and a corresponding moment map is given by 

(3) fixig -p) ^ a.dgfi{p). 

This way of assigning "compatible" moment maps for the actions of all maximal 
compact subgroups of G*^ is analogous to a linearization of the action in GIT, and 
it is called a "symplectization" of the action in [33| . 

Definition 3. (1) A point p G M is stable for the action of (and for our 
choice of symplectization), if the stabilizer is trivial, and there exists a 
point q € G'^ ■ p such that ^{q) ~ 0. 

(2) A point p € M is semistable for the action of G^ if there is a point in the 
orbit closure q E G'^ ■ p such that fj,{q) — 0. 

(3) A point p £ M is relatively stable for the action of G'^ , if there exists a 
point q E G'^ ■ p such that fj,(q) G Qq. 

It follows from ([3]) that the definition is independent of the choice of maximal 
compact subgroup. The main observation in [31, (see also Kirwan |15| ) is that 
relative stability of a point p is equivalent to stability of p for the action of a 
subgroup of G''. The relevant subgroup can be defined for any complex torus 
T'^ C G"^. For this, let if C G"^ be a maximal compact subgroup containing the 
compact torus T. Let us write 

= {C e « : ad,.(,7) = 0, it v) = for all 77 e t}, 

and let if^-x be the corresponding subgroup of K (this is a closed subgroup by [30l 
Lemma 1.3.2]). We then let G^± be the complexification of Kx± ■ We will need the 
following result. 

Proposition 4. Suppose that p E M is relatively stable, and T C Gp is a maximal 
torus, such that C G^ is also maximal. Then there exists a point q G G^^ ■ p 
such that fi{q) G Qq. 
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Proof. Using ([3]), we can choose a maximal compact subgroup K <Z such that 
IJ'k{p) G ip- Let T' C Kp be a maximal torus. It follows then that p has trivial 
stabilizer in the group Krp,± , and 

(4) proj(^^^^i<-(p) = 0, 

so from [321 Lemma 16] we find that the stabilizer of p in G^,_l is trivial. This 
implies that T"^ is a maximal torus in G^. We can therefore conjugate T'^ into T'^ 
using an element of G^, and by taking the corresponding conjugate of the maximal 
compact K, we can assume that T' — T. 

From (m we then have that p is stable for the action of , and in particular 
using the maximal compact subgroup G^^ we find that there is a point q G G^j_ • P 
such that 

(5) Projg^^/i(g) = 0. 

Since elements in G^± commute with T, we have that T <Z Gq. Since p,{q) is Gq 
invariant, we have that ^{q) commutes with t. It then follows from ([5]) that ^{q) £ t, 
and in particular G Qq. This is what we set out to prove. □ 

We will also need a Kahler version of the Hilbert-Mumford criterion, developed 
in [20] and [33] . For any f £ g and p G M we define the weight 

(6) W{p,i)= Wu, (Ai(e^*« 
We then have the following result from Teleman |33j . 

Proposition 5. Suppose that the stabilizer G^ is trivial. 

(1) The point p d M is stable, i.e. there is q G G"^ ■ p with fj,(q) = 0, if and only 
if there is a constant S > 0, such that W{p,^) > d for all ^ with \\^\\ — 1. 

(2) The point p £ M is semistable, i.e. there is q £ G'^ ■ p with ii{q) = 0, if and 
only if W{p, > for all ^ G g. 

Note that the strict lower bound (5 > in (1) is obtained because W{p,£,) as a 
function on the unit sphere in g is lower semicontinuous, being the supremum of a 
family of continuous functions. 

2.1. A perturbation problem. We will now assume that we have two Kahler 
forms uj,ri on M, and the action of G is assumed to be Hamiltonian with respect 
to both Kahler forms. We have equivariant moment maps 

fi, i> : M ^ 0. 

We will therefore have to specify which moment map (or symplectization) we use 
when we speak of stable or semistable points. In our application we will have 
v = ^-\- So^H for small So, corresponding to the Kahler form lu — Sop. We will again 
assume that p € M has trivial stabilizer. Our goal is the following result. 

Theorem 6. Let p have trivial stabilizer. Suppose that fi^ : M ^ q is a family of 
continuous functions such that 

for some n > 1. Suppose that for all sufficiently small e > Q we can find q £ G'^ ■ p 
such that fi{q) + eiy{q) = 0. Then for sufficiently small e > we can find q £ G'^ ■ p 
such that Psil) = 0. 
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Proof. The assumption imphes that for each smaU £ > we have a point G G"^ -p 
such that 

/x(9e) + ev{qe) = 0. 

By compactness of M, we can assume up to choosing a subsequence, that qo 
as £ — > 0, for some go G M. It foUows that 

Kqo) = 0. 

Since q^ ^ ■ p, the point p is semistable with respect to /i. If p were actuaUy 
stable with respect to /z, then we could apply Proposition 8 from [32] to find q & C-p 
for sufficiently small £ > such that fie{q) = 0. The difficulty now is that the point 
qo may be on the boundary of the G"^-orbit of p. 

By the assumption, we can choose a small 5 > such that p is stable with respect 
to ^ + Sv. For £ ^ 5 we have 

-T—l^e = /i + + H + 0[e''), 

— £ — £ 

and so by replacing by /i + we can assume that p is stable with respect to v. 

Let us define the weights Wp(p, ^) and ^) as in ([6|). We then know from 

Proposition [5] that Wp(p, ^ ^ there is a cq > such that 

>co, for ah e with ||e|| = 1- 

Fix an £ > 0. By linearity we have Wp+ei/(p, ^) > for all ^ ^ 0, and in fact 

> eco, for aU ^ with ||^|| = 1. 

Using the compactness of the unit sphere, it follows that there is a large radius 
i? > such that 

(7) ■p)+ev{e^ ■p)\\>\^eco, for ah C with H^H = i?. 

Since p is stable with respect to /i + ev^ it follows that there is a unique such 
that 

^(e**= • p) + £z/(e''^" • p) = 0. 
Consider the maps F, : g g given by 

F,(0=Me(e'«-p). 

From ([7]) we know that F induces a map 

F : ^ g \ {0}, 

where dB{R) is the i?-sphere in g. By a homotopy argument we can see that the 
degree of this map is ±1, since F also induces a map 

F : g \ {CJ ^ g \ {0}, 

while at the derivative of F is an isomorphism. If e is chosen sufficiently small, 
then by our assumption 

\Fe - F| < i£co, 

so Fe also defines a map with nonzero degree from dB{R) to g \ {0}. But then 
there must be a ^ S g such that Fe(^) = 0. □ 
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We also need the following, which is analogous to Proposition 12 in [32], but 
applies in the non-algebraic case as well. 

Proposition 7. Assume again that the stabilizer of p is trivial. There is a So > 0, 
depending on /z, v, such that the following are equivalent: 

(1) For some S 6 (0, Sq) we can find q ^ ■ p such that fj,{q) + 6iy{q) = 0. 

(2) We have W^,{p,^) ^ for all ^, and W^{p,0 > for all ^ ^ for which 
W^ip,O^0. 

(3) For all d £ (0, Sq) we can find q ^ C ■ p such that fj,{q) + Si>{q) — 0. 

In particular whether or not we can find q ^ ■ p such that ii{q) + Sv{q) — is 
independent of S G {0,Sq). 

Proof. Let us write 5*1 C g for the unit sphere. To prove (1) ^ (2), note that 
(1) implies that Wf_,+siy{p,0 > for ah ^ ^ 0. Suppose first that < 

for some ^ G S*!. This would imply that for all sufficiently small S > we have 
Wf_,+su{p, < which is a contradiction if Sq is chosen to be sufficiently small. So 
(1) implies that Wf,{p, 0^0 for ah ^ In addition if C 7^ 0, but = 0, then 

clearly we must have W^{p,^) > 0. 

To prove (2) (3) note that the set of ^ £ 5*1 for which W^{p, f ) = is a closed 
subset in Si by lower semicontinuity of W. It follows that there is a co > such 
that 

Wty{p,^) > Co, for aU ^ e Si such that = 0. 

The set of ^ € Si for which W^{p,^) > cq is an open set U, whose complement in 
Si is compact. Again by lower semicontinuity, Wp,{p,^) > Ci for some ci > for 
all ^ e 5i \ [/. The boundedness of W^{p, £_) for ^ G 5i then easily implies that for 
sufficiently small S we have 

W^+Up,O>0, for ane^O. 
The implication (3) ^ (1) is immediate. □ 

3. The gluing theorem 

The goal of this section is to state and prove the main gluing theorem that we 
will use, namely Theorem 1121 

3.1. Preliminary discussion. We will use a technique very similar to that em- 
ployed in our earlier work [32 . The first step is to use cutoff functions to glue 
the extremal metric on M to a model metric (the Burns-Simanca metric) on the 
blowup of C™ at the origin, scaled down by a factor of e^. The gluing is performed 
on a small annulus around the point p. This results in a metric uj^ on BlpM, whose 
scalar curvature is controlled, since the Burns-Simanca metric is scalar flat. The 
problem of perturbing to an extremal metric can then be written as finding a 
zero of a map 

(8) F : C°°(BlpAf) x f) ^ C°°{B\pM), 

where f) is the space of Hamiltonian holomorphic vector fields on BlpM. For the 
exact form of F^ see Section|33]and note that in practice we must work with various 
weighted Holder spaces instead of C°°(BlpM). The main technical difficulty in 
constructing an extremal metric on the blowup BlpM is that in general the space 
f) has lower dimension than the space g of Hamiltonian holomorphic vector fields 
on M. The way this manifests itself in the analysis is that it is more difficult to 
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find a well-controlled right-inverse for the linearization of as e — > 0. In [32] we 

overcome this problem by introducing a more general operator of the form 



such that if / G f), then F{ip, /) = F{ifi, /). So if wc find a zero F{(p, f) = with 
/ € f), then we have an extremal metric. A right- inverse is not hard to construct 
for the linearization of F, so we find a solution (cpp, fp). If we blow up at a different 
point q, then we obtain a different pair {ipq,fq). The crucial point is to compute 
the leading terms in /p as e 0. This can be done by finding better approximate 
solutions than Wg. In |32j we found that the first non-trivial term is using a 

technique similar to [3] to improve the approximate solution. A finite dimensional 
perturbation argument then shows that if the vector field vanishes at p, then 
for small e there is a point q G C ■ p such that fq vanishes at q. This gives us an 
extremal metric on Bl^M, but Bl^M is biholomorphic to BlpAf . 

To prove Theorem [1] we need to find more terms in the expansion of /p as £ — t- 0, 
so we need to find better approximate solutions. This involves some extra terms 
which we have not considered in [32], see Section r3. 101 

3.2. Possible generalizations. We will now briefly discuss the new difficulties 
that arise in trying to generalize our results. 

3.2.1. The case m = 2. The main issue with the case when m = 2 is that we need 
to compute more terms in the expansion of / in Theorem II 21 This can most easily 
be seen in the formula for the Futaki invariant on a blowup in Corollarv l36l since 
the term involving Ahy vanishes for m = 2. The algebro-geometric formula has 
been computed to more terms in [32], and the problem is to construct sufficiently 
good approximate solutions to obtain a corresponding expansion of /. We believe 
that this should be possible, but it needs a deeper analysis of the linearized problem 
than what we have performed in the case m > 2. 

3.2.2. More blowup points. A more significant issue arises when we try to blow up 
more than one point, in contrast to previous works [U EJ [3l [32] , where the number 
of points made little difference. The new complication in Theorem[T]is that we need 
to perform a gluing construction at the points qs in the G'^-orbit of p, for which 
lj,(qs) + SAfj,(qs) vanishes at qs, for arbitrarily small S. In the borderline case whenp 
is not relatively stable with respect to p,, the corresponding points qs will approach 
the boundary of the G"^-orbit oi p as S ^ 0. When there is only one blowup point, 
then this is not a problem, since the geometry of the manifolds Bl^^ M is controlled 
as (5 0. When we blow up an n-tuple (pi, . . . ,Pn), however, then as we approach 
the boundary of the orbit, some of the points may approach each other. In this 
case the geometry of the blowup is only controlled as long as the n-tuple stays 
away from the "large diagonal" in the n-fold product M x M x . . . x M, where at 
least two points coincide. This means that in order to use the same strategy as 
what we used in the proof of Theorem[TJ we would need to obtain results analogous 
to Propositions [12] and 1201 where the norm of the inverse will now depend on the 
distance of our n-tuple from the large diagonal in a suitable sense. Alternatively 
one may try to make contact with the results on constructing cscK or extremal 
metrics on iterated blowups, developed for Kahler surfaces in LeBrun-Singer [18] . 
Rollin-Singer [23] and Tipler [35] for instance. 




(9) 



F : C°°(BlpAf) X fl ^ C°°(BlpM), 
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3.2.3. Extremal metrics. When (A/, w) is cscK, we were able to obtain a sharp 
existence resuh for cscK metrics on the blowups BlpM. Many of the arguments 
can be adapted with little difficulty to extremal metrics, however we were not able 
to show that when the hypothesis of Theorem [1] fails, then the blowups (BlpM, [uJe]) 
are relatively K- unstable for sufficiently small e. The basic reason is that the inner 
product of vector fields lifted to a blowup is not the same as their inner product 
on M. The inner product enters in the definition of relative stability, and in order 
to obtain a sharp existence result, we would need a version of Theorem [1] where 
the inner product on g is also perturbed in order to match with the inner product 
of lifted vector fields. In practice this means that we would need to compute more 
terms in the expansion of /, similarly to the m = 2 case. An alternative approach 
would be to show directly that the map p ^ fp above can itself be thought of as a 
moment map for a suitable perturbed Kahler form on M together with a perturbed 
inner product on q, without necessarily knowing the expansion explicitly. 

3.3. Burns-Simanca metric. To obtain the first approximate solution LUg, we 
want to glue the extremal metric uj on M to a rescaling of a suitable model metric 
on BIqC™, ie. on the blowup of C™ at the origin. This model metric is a scalar 
flat metric found by Burns (see LeBrun p5]) for m = 2 and by Simanca [24] for 
TO ^ 3. Away from the exceptional divisor it can be written in the form 

where w — {wi, . . . , Wm) are standard coordinates on C™. The function tp can be 
found by solving an ODE. We will need the following result from Gauduchon [14] 
about the asymptotics of tp. Note that we use idd as opposed to dd"^ which intro- 
duces a factor of 2 in our formula, and also our normalization of the volume of the 
exceptional divisor is different. 

Lemma 8. // to ^ 3 then the Kdhler potential for a suitable scaling of the Burns- 
Simanca metric 

T] ^ idd{\w\^ /2 + ij{w)) 

satisfies 

^^^^ ^ - 2^'»-i(to-2) '^''''" + ^il^l'"'" + d2\wr'"' + 0(k|^-^"), 

where di > 0. The scaling of j] is such that the exceptional divisor has volume 
1 

(m-l)! ■ 

The important aspect of this result for us is the formula for the coefficient of the 
first term, and the sign of the second. Note that the scaling is chosen in such a way 
that if we construct as in Section [3.4[ then we end up with a metric in the class 
n*[u]-e^[E]. 

3.4. The metric uj^ on BlpAf. Suppose as before that uj is an extremal Kahler 
metric on M . Let Xs be the Hamiltonian vector field corresponding to the scalar 
curvature s(a;). Write G for the Hamiltonian isometry group of (Af, w), so the Lie 
algebra g of G consists of holomorphic Killing fields with zeros. 

Choose a point p G M where the vector field Xs vanishes, and let T C Gp be a 
torus fixing p whose Lie algebra contains Xs. Let H C G consist of the elements 
commuting with T and let us write [) C G°°(Af) for the space of Hamiltonian 
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functions of vector fields in the Lie algebra of H . Note that f) contains the constants 
as well. Let us also write t C [} for the Hamiltonian functions corresponding to the 
subgroup T C H. 

Given a small parameter e > 0, we will construct an approximate solution to 
our problem on BlpM in the Kahler class Tr*[uj] —e'^[E]. For simplicity assume that 
the exponential map is defined on the unit ball in the tangent space TpM (if not, 
we can scale up the metric uj). Choose local normal coordinates z near p such that 
the group T acts by unitary transformations on the unit ball Bi around p (this 
is possible by linearizing the action, see Bochner-Martin [S] Theorem 8). In these 
coordinates we can write 

uj^idd{\z\^/2 + ip{z)), 

where (p = 0(|z|*). At the same time the Burns-Simanca metric from Section 13.31 
has the form 

r] = idd{\wf/2 + iP{w)). 

We glue e'^i] to oj using a cutoff function in the annulus B2rc \ in M, where 
— e" for some a < 1 to be chosen later. Under the gluing we will have z = ew. 
To do this, let 7 : R — [0, 1] be smooth such that ^{x) = for x < 1 and jix) = 1 
for X > 2. Define 

71 (r) = 7(r/re), 

and write 72 = 1 — 7i- Then for small e we can define a Kahler metric on BlpM 
which on the annulus Bi \ B^ is given by 

CO, = idd (^M! + 7i(|z|)^(z) + 72(|z|)£V(£-';2)) . 

Moreover outside i?2r B the metric uj, — uj while inside the ball B^.^ we have uj, = e^rj. 
Note that the action of T lifts to Bl^A/ giving biholomorphisms, and that oj^ is T- 
invariant. 

In order to define the operator F from ([5]), we need to lift elements in [} to BlpAf . 
Definition 9. We define a linear map 

l:^^C°°(BlpM) 

as follows. Decompose f) into a direct sum f) = i © f)' in such a way that each 
function in [)' vanishes at p. Each / £ t corresponds to a holomorphic Hamiltonian 
vector field Xf on M vanishing at p. We then define 1(/) to be the Hamiltonian 
function with respect to uj, of the holomorphic lift of Xf to BlpM, normalized so 
that f = \{f) outside Bi. For f G I}' we define 1(/) = 71/ near p using the cutoff 
function 71 from above. We can then think of this 1(/) as a function on BlpM. 
Finally we can extend 1 to all of [) by linearity. 

Note that in contrast to [32] we are not assuming that T C Gp is a maximal 
torus. This is necessary for technical reasons, namely we will want to be able to 
work with all T-invariant points at the same time. On the other hand it implies 
that even if / G f) corresponds to a holomorphic vector field vanishing at p, its lift 
1(/) will not give rise to a holomorphic vector field, unless / G i 

We will also need lifts corresponding to metrics other than Wg. li — u!,. + idd^ 
and $ is T-invariant, then we define 

lo(/) = l(/) + iv$.V/. 
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If / G t, then ln{f) is a Hamiltonian function for the vector field Xf, with respect 
to n. In particular this has the following consequence. 

Lemma 10. If f Gt, then 

JBlpM JBlpM 

Proof. This can be checked by using fit = cj^ + tidd^, and differentiating with 
respect to t. Alternatively, in the algebraic case, note that the integral of the Hamil- 
tonian function of a holomorphic vector field can be computed algebro-geometrically, 
so in particular it is independent of the metric. □ 

3.5. The extremal metric equation. We will now write down what the opera- 
tors F and F in ([8]) and ([9]) look like. We have a torus T C G fixing p, and we seek 
a T-invariant function (p on BlpAf such that lj^ + iddip is an extremal metric. 
We need the following which can also be found in 3], [35]. 

Lemma 11. Suppose that (p G (BlpM)^ and / G i such that 

(11) s(^, + tdd^) - ivi(/) ■ - !(/), 

where the gradient and inner product are computed with respect to the metric tOg . 
Then uj^ + iddip is an extremal metric. 

In order to solve Equation (llip as a perturbation problem, we will write it in 
the form 

(12) s{w, + iddp) ~ ivi(s + /) • = l(s + /), 

where s G t is the scalar curvature of the extremal metric lu. The advantage of this 
is that we now seek ip and / which are small, or in other words, setting ip = and 
/ = we get an approximate solution to the equation. 

For any Kahler metric fl let us define the operators io and Qq by 

(13) s{n + idd^) = + Ln{^) + Qniv), 

where L is the linearized operator. A simple computation shows that 

and analysing this operator will be crucial later on. Note that we are using the 
complex Laplacian here which is half of the usual Riemannian one. The linear 
operator appearing in the linearization of Equation ()12p is then 

(14) (^, /) ^ LnAv) ~ ^Vl(s) • Vp - 

which is closely related to the Lichnerowicz operator that we will discuss in Sec- 
tion [3]6l 

We can now state the main gluing result that we will prove, which corresponds 
to finding a zero of the operator F in ([5]) . The proof of this theorem will appear at 
the end of Section [3. 121 
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Theorem 12. Fix a torus T C G such that s G i. There are constants Eq > and 
K > 2m with the following property. Suppose that p £ M is a fixed point of T . For 
every e G (0,eo) we can find u e C'*'"(BlpM)^ and f £ i) satisfying the equation 

(15) + zddu) - l^^+,aaJ/) = 1(/) + ivi(/) • V^.. 

In addition the element f E t) has an expansion 

f = s + C- e^™-^ (^ci - ^s(p)) p{p) - e^-c^AMb) + 0{e''), 

for some k > 2m, where C is a constant depending on e, and Ci,C2 > 0. 

Assuming this result, we can prove Theorem [TJ 

Proof of Theorem{l\ By replacing p with a different point in its G"^-orbit, we can 
assume that the stabilizer Gp is a maximal compact subgroup of the complex sta- 
bilizer Gp. Since the scalar curvature s is G- invariant, the new point will also be a 
critical point of Vs. 

Let T C Gp be a maximal torus. Then T'^ C Gp is also a maximal torus, 
and writing i for the Lie algebra, we have s g i. Let H C G consist of the 
elements of G commuting with T. As above, we write [} for functions on M whose 
Hamiltonian vector fields are in f). We apply Theorem [H] to the set of T- 
invariant points in M. For every q G M'^ and e G (0,eo) we obtain a T-invariant 
function Uq^e G C"''"(BlqM) and fq^^ G i) such that if fq^e & f, then we have an 
extremal metric on Bl^M. From Theorem [T2l we know that 



2 



= s + C - £^"-^ (^ci - — s(<z) j fliq) - e'^-cMD + 0{e-), 
where n > 2m, C is a constant depending on e, and ci, C2 > 0. Let us write 

fiM - (ci - ^s(<z)^ -s~C) 

= M(9)+e2-A/i(g) + 0(e'''), 

Cl 

where k! > 2. Then /g^^ G t if and only if Peio) G f- 

We will now apply Theorem [6] to the action of G^± on M, where Gt^ C H 
is the group introduced in Section [2] The corresponding moment maps ^-nd 
A/iyi are fi, Afi projected to Qt^- From the assumption of Theorem [U together 
with Proposition m we know that for some sufficiently small i5o > there is a point 
q in the -orbit of p such that 

p{q) + SoAp(q) G Qq. 

Moreover, since T'^ is a maximal torus in Gp, and Gx^ commutes with T, we have 
Qq = t. It follows that 

Mt^ (?) + SoApT± (q) = 0. 
Proposition [7] and Theorem [6] now imply that for all sufficiently small e > we can 
find q G G^± ■ p such that 

(16) pr^^^/ie(9) =0. 

By construction, ^e(g) G f), i.e. Ps{q) commutes with T, so (|16p implies that 
/ie(g) G t. This implies that fq^e S tj and so we have obtained an extremal metric 
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on B\qM, in the class 7r*[w] — e^[E]. Since q G ■ p, the manifold Bl^M is 
biholomorphic to BlpM. □ 

3.6. The Lichnerowicz operator. For any Kahler metric £7 on a manifold X we 
have the operator 

given by ^^{(f) = dV^'^ip where d is the natural (9-operator on the holomorphic 
tangent bundle. The Lichnerowicz operator is then the fourth order operator 

Vl{Da : C°°(X) C^{X), 

whose significance is that the kernel consists of precisely those functions whose gra- 
dients are holomorphic vector fields. The relation to the operator in Equation (jl4p 
is that a computation (see eg. LeBrun-Simanca |17| ) shows that 

(17) V*Mv) = -Lniv) + ^Vs{n) ■ V^. 

When comparing this to Equation ([T4|. note that in general s{^l^) is not equal to 
l(s). The difference will be sufficiently small though. 

3.7. The Lichnerowicz operator on weighted spaces. As in Arezzo-Pacard [TJ 
[2] , Arezzo-Pacard-Singer and also [32] , we need to study the invertibility of the 
linearized operator between suitable weighted Holder spaces on the blowup BlpM. 
First we need to understand the behaviour the Lichnerowicz operator on weighted 
spaces on the manifolds M \ {p} and BlpC™, and then obtain results about the 
blowup by "gluing" these spaces. This section is parallel to Section 5.1 in [32], but 
we need slightly different results. 

Let us first consider Alp = M\{p} with the metric uj. For functions / : Mp R 
we define the weighted norm 

ll/llc5'°(Mp) ^ ll-^llc£'°(M\Bi/2) ^^-^2'' ''"•^"c'*l°^(B2r\-Br)- 

Here the subscripts lu and r^^oj indicate the metrics used for computing the cor- 
responding norm. The weighted space Cg'°'{Mp) consists of functions on M \ {p} 
which are locally in C'^'" and whose || • W^k.^ norm is finite. 

We need the following result, which is Proposition 17 in |32]. As before, we have 
a torus T <Z G fixing the point p, and H d G is the ccntralizcr of T. 

Proposition 13. If S <0, 6 is not an integer, and a G (0, 1), then the operator 

C^-'^iMpf xl^CttiMpf 

has a bounded right-inverse. 

Let us turn now to the manifold BlgC" with the Burns-Simanca metric rj. The 
relevant weighted Holder norm is now given by 

Here we abused notation slightly by writing Br C BIqC"^ for the set where |z| < r 
(ie. the puUback of the r-ball in C" under the blowdown map). 
The following is Proposition 18 from [32) . 
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Proposition 14. If S > 4 — 2m the operator 

(fi l-> 'D*'Dr,(p 

has a bounded right inverse. 

If S £ (3 — 2™, 4 — 2m), let x be a compactly supported function on BIqC™ with 
non-zero integral. The operator 

^.''"(BloC'") X R ^ C,'r4'"(BloC'"), 
iip,t)^v:p^iip)+tx 

has a bounded right inverse. 

3.8. Weighted spaces on Bl^Af. We will need to do analysis on the blown-up 
manifold BlpM endowed with the approximately extremal metric w^. For this we 
define the following weighted spaces, which are simply glued versions of the above 
weighted spaces on M \ {p} and BlpC". 

We define the weighted Holder norms Cg'" by 



The subscripts indicate the metrics used to compute the relevant norm. This is 
a glued version of the two spaces defined in the previous section in the following 
sense. If / G C*^-" (BlpM) and we think of BlpM as a gluing of M \ {p} and BIqC" 
then 71/ and 72/ can naturally be thought of as functions on M \ {p} and BIqC™ 
respectively. Then the norm H/Ucfc-Oj-Bi j^/j is comparable to 

ll7l/llc^"(A/p) + ^"''ll72/llc^'>-(BloC'",„)- 

Another way to think about the norm is that if ||/||pfc,c, ^ c then / is in 

C'^'"(BlpM) and also for i ^ k we have 

|V7| c for r ^ 1 

|V7| ^ cr^-' for £ ^ r 1 

|V7K ce^^' for r < e. 

The norms here are computed with respect to the metric w^, and note that on 
we have uj^ — e^rj. We will often use the following to compare the different weighted 
norms: 

' IfWc'^.o., if S' > S, 

Sometimes we will restrict the norm to subsets such as C^'"(Af \ Br^) and 
Cg'" {B2r^). A crucial property of these weighted norms is that 

(18) Il7.|lc„^-^c 



for some constant c independent of e, where 7^ are the cutoff functions from Sec- 
tion [331 

In addition we need the following lemma about lifting elements of f) C C°°(M) 
to C°°(BlpM) according to Definition H 
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Lemma 15. For any f ^\) its lifting satisfies 

l|l(/)llc-° 
||Vl(/)||p.. «Cc|/|, 

for some constant c independent of e. Here \ ■ \ is any fixed norm on t). 

Proof. Recall that we defined the lifting using a decomposition () = t © f)', where 
the functions in t)' vanish at p. Suppose first that f € t)' . Since / vanishes at p, we 
have 

ll/llcJ-°(Mp) «S 

where c is independent of /. It follows from the multiplication properties of weighted 
spaces and ((T8| that 

l|i(/)llc;- 

from which the required inequalities follow. 

Now suppose that / £ i, and write Xf for the holomorphic vector field on M 
corresponding to /. The result is clearly true for constants, so we can assume 
that / vanishes at p. On the ball Br^ C M, the action of Xf is given by unitary 
transformations, generated by a matrix A, say. Outside Br^ the vector field is 
unchanged and the metrics oj and are uniformly equivalent. Inside -B,-^ the 
metric is uniformly equivalent to e^ry. It is more convenient to work with ry, 
since that is a fixed metric, and we can then scale back depending on e. Let fri 
be the Hamiltonian function of Xf with respect to 77, so / = s'^frj. In terms of 77 
we are working on the ball Bj^^ , and outside Bi the Hamiltonian /,j is given by a 
quadratic function depending on A. It follows that we have pointwise bounds 

where r{x) = 1 inside and r{x) is the distance from the exceptional divisor 
outside Bi. We can choose the norm \A\ to coincide with the norm |/| chosen on 
the finite dimensional vector space [}. Rescaling this inequality, together with what 
we already know outside Br^, we get ||l(/)||pfc,a ^ C\f\, which implies the results 
that we want. □ 

3.9. The linearized operator on BlpM. We now begin studying the linearized 
operator on Blpil/, in terms of the weighted spaces introduced in the previous 
section. The constants that appear below will be independent of e unless the 
dependence is made explicit. 

Recall that for any metric fl we write 

We want to first study how this varies as we change the metric. For this we have 
the following, which is Proposition 20 from [35]. 

Proposition 16. Suppose that 6 <0. There exist constants co,C > such that if 
||(/?||p4,Q < Co then 

Ili.J/) -i..(/)|lc»- < CMcf-WfWct^^, 

where lo^ ^ u!e + iddip. 
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One consequence is an estimate for the nonlinear operator Qcj^ in the formula 

(19) s{u, + iddifi) = s{uj,) + L^^{(p) + Qu:Af)- 
The following is Lemma 21 in j32| . 

Lemma 17. Suppose that d < 0. There exists a cq > such that if 

llvllcj.-, IIV-lIc^*." «S Co, 

then 

We will need one further result, which was not used in |32) . 
Lemma 18. Suppose that u = uj^ + iddip, and 

for some sufficiently small cq. Then 

(20) ||Q.(^)-Q..(V')llc°- ^C'll^llc-^IIV'llc^-IIV'llc,-.- 

Proof. Let us write g for a metric, and g + h for a small perturbation, thought of 
as matrices in local coordinates. We can write schematically 

s{g + h) = (g + /i)"^9^1ogdet(g + /i) 

= g-\l + g-'h)-'d^ (log det g + log detil + g-'h)), 

where / is the identity matrix. Expanding in power series, we find that Q is of the 
form 

2 

Qs{h)^Y.9''[^'(9''hr]F,{g-'h), 

i=0 

where the Fi are power series. In order to estimate Qg-^ {h) — Qg^ [h) it is enough to 
consider a typical term, for instance 

[d^g^'hf] {g^'hy - g^' [d^g^^hf] [g^'h)\ 

for some I ^ Q. In our situation h = iddip, and we have 

Wg^'-g^X^^'-^CMct^.^Cco, 

\\gj'h\\^2.. ^ CUW^... ^ Ceo, 

for j = 1,2. From this it is a straightforward calculation to check the estimate 

O- □ 

The heart of the matter is to understand the invertibility of the linearized oper- 
ator of our problem on BlpAf. The following is Proposition 22 from 321. 

Proposition 19. For sufficiently small e and (5 G (4 — 2r7i, 0) the operator 

Gi:(C,^^")^xb^(C,"ll)^ 

(^,/) ^ L^S^) - \vs{uj,) ■ - 1(/) 

has a right inverse Pi, with the operator norm \\Pi\\ < C for some constant C 
independent of e. 
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We will need a slight variation of this result as well, dealing with weights in the 
range (3 — 2m, 4 — 2m). One can easily obtain a result for 5 G (3 — 2m, 4 ~ 2m) from 
the preivous proposition, but we will only have a bound of the form (j£S~{4~2m) 
the inverse. It turns out that if we restrict the range to functions with zero mean, 
we can obtain an inverse with norm bounded independent of e. 



Proposition 20. Let us write (C^-^4)o for the elements in (C^-1^4) which have 
zero mean on BlpM , and t)Q for the elements / G f) such that !(/) has zero mean 
on BlpM with respect to uj^. For sufficiently small e, and 5 G (3 — 2m, 4 — 2m), the 
operator 



(^, /) ^ L^^ [if) ~ ^ Vs(We) • Vif 



has a right inverse P2, with the operator norm IIP2II < C for some constant C 
independent of e. 



Proof. The proof is very similar to the proof of Proposition 22 in [32 , for the m = 2 
case. The idea is to first work with the operator 

Go:(C,^'")^xFoxR^(C,"l"J^ 

{^J,t)^VlV^^~\{f) + tx. 

where x is the function from Proposition 1141 and 

One can then use the inverses in Propositions[T3]and[T4]to construct an approximate 
right inverse for Go, which in turn can be used to show that Gq has a bounded right 
inverse. If V' G (G"i^)j^, then we can use this to find G (G^'")-^,/ G f)o,i £ R- 
such that 

Integrating this over BlpAf we find that t = 0. This shows that we have constructed 
an inverse for Gi. □ 

Remark 21. We will need analogous results for operators corresponding to a per- 
turbation il = ojp + idd^. We have 



and 



l|l(/)-lo(/)|lc-= ^G|lVl(/)-V$|| 0,. ^G|/|||<i>|| ^G|/|||<I>|1 4,„, 

0—4 0—4 — 3 -i 

if (5— 3 < 2. So as long as ||$||(^4,a is sufficiently small, we can deduce the invertibility 
of the operators corresponding to from the invertibility of those corresponding 
to LUp. Note also that 



(21) 



Jbum Jbi„m Jbum ^ 

1(/) (fi™-. 



+ , 

' /BlpAf 

«;c^l/lll$llc 
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SO if / G [)o, then we can adjust / while preserving its norm up to a factor, to ensure 
thatlf2(/) has zero integral with respect toil, as long as ||<i>||(^4,Q is sufficiently small. 
It follows that both propositions can be applied to small perturbations of uj^. 

3.10. The approximate solution fli. We will now work on obtaining a metric 
f2i on BlpM, which is closer to being extremal than our previous candidate coe- In 
the next section we will use this to find an even better approximate solution ^2, 
at which point we will be able to use the contraction mapping theorem to obtain a 
solution of our equation. 

There are 3 regions in Bl^M which we need to think about differently, namely 
the region BlpM \ i?2re i the annular region B2r, \ B^^ on which our cutoff fuctions 
7i and 72 live, and Br^. Here = e", and from now on we will work with 

2m - 1 

a = . 

2to + 1 

Like in Section let us write the metric uj in coordinates near the point p. We 
will need a more precise expansion than before, so we write 

(22) u: = idd(^-^+Ai{z) + A^{z) + ^e{z)^, 

where ^4(2), ^5(2) are quartic and quintic in z respectively, and Lp^ G Cg'"(Mp). 
Also let us write s = s(a;) for the scalar curvature of lo. 

Lemma 22. Suppose that Vs vanishes at p. Then we have 

^lAi = -s{p), 

AoA = 0, 

where Aq is the Laplacian with respect to the Euclidean metric. 

Proof. This follows from computing the scalar curvature of w as a perturbation of 
the flat metric near p. 

s(w) = -Al{A4 + A5 + (fe) + Qo{A4 + A5 + (f^). 

From Lemma [T7] it follows that 

Qo{A4 + A5 + ve)eC^'"{Bi\{p}), 

and so 

s{io) + AliA, + A,)eC^-", 
near p. Since AqA4 is a constant and AgAs is linear, the result follows. □ 

As for the rescaled Burns-Simanca metric, after a change of coordinates we can 
write it as 

s^rj = idd( ^ + doe2™-2|z|4-2- + ^^^2^1^12-2™ 

(23) ^ 2 

+ d,s^^-^\z\'-*"^ + e^ij4-4m{e''z)) , 

where '(/'4-4m e C4l"4„(BloC"), and do = - 2^...-i\m-2) ■ 

These are the two metrics that we want to glue across the annular region B2r^ \ 
Br^ . In the construction of we performed this gluing by multiplying all the terms 
except I^P/2 by cutoff functions. In order to get a better approximate solution, 
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we want to only multiply LpQ and ipi-im by cutoff functions. For this we need to 
modify e^rj so that it contains Ai{z),A^{z), and we need to modify w by 

Let us focus on a; first. For this we have the following. 

Lemma 23. We can find T -invariant functions Gi, G2 on M \ {p} such that dis- 
tributionally on M we have 

47r'" 

V^V^Gi = /i + 



(24) 

[m — 2)! 

for some /i, /2 G t), and for any 6 > we have 
(25) 

G, - e 

In addition 

47r™ 
(m — 3)! 

where V = Vol(M). 

Proof. Let us define Gi using a cutoflt function to be equal to zero on M\Bi, and 
equal to \z\'^~'^^ on i?i/2. Comparing to the flat metric near p, we find that 

viv^G,^ctt'::{M,)- 

We can now use the inverse in Proposition ll3l For small 5 > we have 6 — 2m — (5 S 

-'6-2m-5 



(4 — 2m, 0) (for m > 3 we can let (5 = 0), so we obtain a </? G C'^i^^m-S ^^'^ /i G f) 
such that 

^ V*MGi ~ ip) ^ fi, onMp, 

and so we can let Gi — Gi — ip. The only contribution to the distributional part of 
T>ljT>i^G comes from A^jzl*"^™ in the fiat metric, giving the result. 

Similarly we define G2 using a cutoff function to equal on i?i/2 and to 

vanish outside Bi . Comparing with the flat metric again, we obtain 

V^V^GeGl-'SiM,). 

Once again we can find tp G C\'^2m-5 small 5 > (note that 4 — 2m is an indicial 
root), and /2 G f) such that 

VIV^{G2 ' p) ^ f2, onMp. 

In this case, there are several contributions to the distributional part at p, but apart 
from the leading contribution of A5p, the rest is a multiple of 6p. We can therefore 
find a constant C such that G2 = G2 — p + GGi satisfies our requirements. 

In order to find /i, we take the L^-product of ([M]) with any element g G f), to 
obtain 

47r™ 
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since Vl^V^g = 0. By definition g{p) — {fJ-{p),g), and so it follows that the projec- 
tion of /i onto (] must be 

47r" 

To obtain /i from this, we just need to take the i^-product of (p4|) with the function 
1. We can obtain the formula for /2 similarly. □ 

Lemma 24. We can find a function T on M \ Br^ such that 

(26) V^V^T = -hi on M \ Bi 

for some hi G (), and satisfying the following properties. On B2r^ X^r^ the function 
r has the form 

where 

for some k > 2m. On M \ B2r^ we have 

(27) s{uj + iddT) - ivs(a;) • VF - s{uj) -hi = 0{e''), 

2 C'°f„2^(A/\B2e) 

/or some k > 2m. In addition 
(28) 



= C- c""-' l^c, - — s(p) I - e"'c2A,i(p), 

where V — Vol(M), C is a constant, and Ci, C2 > 0. 



Proof. Let us use a cutoff function to define G3 to be zero outside Bi, and equal 
1/2 



to \zf-'^"' in Bi/2. We let 



r = doe^"'-^Gi + die^^Ga - (l^^JlliMci + dae'^-^Gg, 

where Gi and G2 are defined in Lemma [231 Then (1^51) and ([25)) follow from the 
properties of Gi , G2 . On the annulus 52^^ \ we have 

r = doe^™-2|^|4-2™ + di£2m|^|2-2m _^ d2e4m-4 | ^ 1 6-4m _^ 

where 

Fi = doe'""'(Gi - ^ die^"'{G2 ~ Iz^^'™) + Ge^^lzj^-^™^ 

for some constant G. From ([25]) it follows that 

for some k > 2m. For instance 

and for sufficiently small S > we have 
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for some k > 2m, by our choice of r^, since 

2m - 1 2 
2m + 1 ^ 3 

for m > 3. The other terms are larger and are handled similarly. 
For the scalar curvature of w + iddF we have 

s(cj + iddT) - ivs(cj) • vr - s(w) - hi = Q^(r) - v*^v^r - hi. 

We will work on the 3 regions M\Bi, Bi\Bi/2 and B1/2 \ B2r^ separately. 
On M \ Si we have V*V^T + hi=0, and 

IIQ-(r)||co,«_^^(M\Bi) < c-lirilcj-lirilc^^a^. 

The weight is irrelevant outside Bi, so we have 

\\QUT)\\co.HM\B,) < = 0{e^) 

for some k > 2m, as long as m > 2. 

On Bi \ Bi/2 we can still ignore the weights, so we still have the same estimate 
for Qu(r), but now 

v^v^r + hi = Ce^^-^V*MGr,). 
It follows from this that 

\\VlVj: + /ii||co,.(BABi/2) = = 0{e'') 

for K > 2m , as long as m > 2. 

The most delicate estimate is on B1/2 \ Br^. It is best to work on the annuli 
Ar = B2r \ -Br, for r e (re, 1/4). We have 



-0,0 



so 

\\VZV^T+hi-d2e^"'-^Al\zf-^"-\\co_.._^^=d2e^"'-^^^^ 
On the annulus Ar we have 

where if = 0(|^;|^). We have r > r^, and so 

^4m-4^5-2m ^ j^^^/.-) 

for some k > 2m, since a < 1. 

We also have 

Q^(r) = 0.(do£2™-2|^|4-2m) ^ Jg^^p) _ (^^^2™-2 |^|4-2my 

The next highest order term in T after do£^™~^|-z|^~^'" is die^^l-zp"^™, so on the 
annulus A^ 

— 1 — 2771 o — 2m 

for K > 2m, since 

2m 
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What remains is to estimate 

It is not hard to check that both terms are of the same order, and for m > 3 they 
are sufficiently smaU. However for m = 3 we need to work harder. On the annulus 
Ar, using Lemma [TSl we have 



< Or £ |||z| \\c^._ 



for K > 2m, where Qo is given by the flat metric. Using that e'^rj is scalar flat, we 
have 

|2 



= s 



idd 



so if we write e'^rj = iddy^ — h e'^Tpi^ i then we get 

-A2(d2e4rn-4|^|6-4™) ^ (^^^2m-2 | ^ |4-2™) ^ (£2^4_4„ (e"! z) ) + 

and so on Ar we have 

II - A2(d2e4m-4|z|6-4™) + Q^(^^^2™-2|^|4-2m)||^^^^^^^^ ^ Ce^"-^ || | z l^"*™ || 



Ce4'"|||zp-2'"||^.,„|||z|2-2»|j^ 

_4m — 2„1 — 2m , ,^„4m„— 1 — 2m 



3-2i7 



for K > 2m, where we used that the largest order term in e'^ilj{e~^z) after the 
leading term is £^'"|2;p~^™. Combining all these estimates, we obtain the required 
bound (HZl). □ 

Now to deal with modifying e'^rj, we have the following. 

Lemma 25. We can find a function on BIqC™ of the form 

A4(z)+A(z) + *1, 

where 

and in addition 

||s(e2^ + tdd^) - s(p)||c.o,._^^(5^^) = O(e-), 

for some k > 2m. 

Proof. We will work in terms of ?/ with the variable w — e^^z. Write = £~^rg, 
so that in terms of w, we are gluing on the annulus B2r^ \ Bj^^ . 

Write A4^{w),Az{w) for the functions A4^{w) and Ac,{w) cut off on the annulus 
Bar, \ B2R, ■ Since 

we have 



We^Ai + £'''yl5||^4,„ ^ Ce'^Rl <C 1, 



||Q^(£2yl4 + e'A5)|lcS- C{e^Rl){e^) = Ce^Rl 
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It follows from Proposition [14] that we can find ^' such that 
and 



re- 



setting ^i(z) — £^'I'(e ^z), we then have 
for K > 2m, since 

2m 

a > 



2m + 3 

In addition, using Lemma \n[ 

s(77 + iddie^A^ + e^A5 + $)) = L„{e^Ai + e^A^ + *) + Qr,{e^Ai + e^A^ + $) 

+ Qrj{e^A4+S^A5) 

+ Q^ie^Ai + s^A5 + *) - Q.^{e^Ai + e^Ig). 

Using the equality 'D*'Djj = we have + Qnie'^M + e^^s) = 0. Using the 

fact that -q differs from the flat metric by order |it;p~^™, we get 

for some S > 0. Since on the ball Bjj^ in terms of w (and on Br^ in terms of z) we 
have 

s{e'^rj + idd-ii) = e-'^s{r] + idd{s^Ai + e^A^ + $)), 

it follows that 

for some k > 2m. □ 

We now define our new approximate metric f2i to be equal to cj + iddT on 
M \ B2r^ , equal to e^rj + idd"^ on Br^ , and on the annular region i?2rj \ Br^ we let 

=idd{^-^ +Ai + A5+ 7i<^6 + 7iri + doe'""'^!*""" + die'"l^P~'" 
Lemma 26. On the annular region B2r^ \ Br, we have 

||s(r!i) - ^ip)\\c°,r_^_iB.^^\B^,) = 

/or some k > 2m. 

Proof. We compute the scalar curvature of J7i as a perturbation of the metric 

OJ^ ^ ldd[^ + doe'™-2|z|4-2™ + di£2™|^|2-2™ ^ rf2e4m-4|^|6-4™ 

on the annulus B2r^ \ B^^ . Since 

s(a;o + s'^iddtl'^-imie^^z)) = s{e'^7j) = 0, 
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we have 

s(wo) = -e"^ L^„{->jji-4:rn{e~^ z)) - QcJo(£^V'4-4m(£~"^2:)) 

= e^AQ(V'4-4m(e "'^^)) + lower order terms. 

It follows that 

||s(^0)|lcO,°_,„(B..AB.J = 0{s^^-V^-^n = 

for some k > 2m. Then 

s(f2i) = s(a;o) + L^„{A4 + A5 +'jiip6+jiTi + 72e^^/'4-4m(e"^z) + 72^'i) 

+ Qujoi^i + A5+ 71 (/?6 + 7iri + j2S^ll'4:-imie-h) + 72 ^-l). 

On the annulus B2r^ \ we have 

A4 + + 7i<y96 + 7iri + 72e^i/'4-4m(£^"^2) + 72^*1 = ^4 + lower order terms, 
and also 

1171^6 + 7iri + 72eV4-4m(e-'^) + 72*i|lc3^= = 0{rf-+^ + e4™-2^i^2,n ^ 

= 0(e«), 

for some k > 2m, and 

A2(A4+A5) = 

It follows that 

+ CP4|lcJ,= P4|lc3^=^ 
= 0(£''), 

for some k > 2m. 

□ 

Let us write Jli — + iddui. From the results above, we find 
Lemma 27. We have 

(29) ||s(f]i)-ln,(s + /ii)||po,„_^^ =0(6'^), 
/or some k > 2m, and 

(30) =0(e^), 
/or some 5 > 0. 

Proof. We work on the regions M \ B2rc and i?2£ separately. On M \ B2r, we have 
Ml = r, = and l(ft.i) = ft-i, so the result follows from Lemma [24l together with 

1. 



VP ■ V/ii 
2 



||la,(/ii)-/ii|lco.'«_,,„ 

for K > 2m, since m > 2. 
On B2r^ we have 

||lo,(/li)|!cO,=_^^^ ^ Cr^+l||lo,(/ii)|lcO.= ^ C^^2™+1^2™-2 ^ 

for some n > 2m, since a > „ ^, , . In addition 

||lo,(s - s(p))||cO,._^^^ < Cr^+3||i^^(, _ s(p))||^o.. ^ Crf"+3 = O(e-), 
for some k > 2m. The bound ([29|) then follows from Lemmas [25l and [26l 
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As for (l30|) . note that outside B2r^ the leadmg term in ui is of order e^'^^^lzl"*^^™, 
while inside B2r^ the leading term is of order |z|^. The bound (|30|) is then easy to 
check. □ 

3.11. The approximate solution r22- We need to modify fii once more to obtain 
a metric O2 = Oi + iddu2- For this we want to find (w2, ^2) solving 

(31) - V*^Vn,U2 - ln^ (^12) = l^i (s + hi) - s(r!i). 

We will use the inverse operator from Proposition [20l so in addition to the estimate 
from Lemma [?fl we need to bound the integral of Iq^ (s + hi) — s(r2i). For this we 
have the following. 

Lemma 28. We have 

r rwi 
/ \nA^ + hi)-s{ni)^^0{e^), 

for some k > 2m. 

Proof. First note that from Lemma [TU] we have 

/ I,,^(s)-S(f7i)^^ / l(s)-sK)^, 

since s g i and the total scalar curvature is an invariant of the Kahler class. 
We have 

/ \n,{hi)n^^[ \{hi)u^=[ \v\{hi)-Vui^V^+ 

^22^ "'BlpAf JBlpM JBIpM ^ 

+ f i{hi){nT~ojT)- 

JBlpM 

On M \ Bi, we can bound this by \hi\ ||wi||p4,Q, as in Equation (|2T|) . We have 

\hl\ ||«l||c^,.(M\SO C£2"-2e2rn-2 ^ q^^.)^ 

for some k > 2m if to > 2. To bound on _Bi \ i32r^, note that 

and |l(/ii)| + |Vl(/ii)| Ce2™-2 from Lemma[15l It follows that 

\\l{hi) (f^r -Ollcr,„(BAB.„j ^ Ce^"'~'. 

The integral on Si \ B2rc is then bounded by 

1 

Similarly 

||Vl(/ii).V^ii||co_,,„ s^Ce", 

so the other term in ([5^ is also bounded by e'*™^'*. Since to > 2, we have £4m-4 _ 
©(e**) for some k > 2to. 

The lift \{h\) equals h\ outside i?2rj, and the volume of B2r^ is of order r^™, so 
we have 

t / 1™ /■ / 1™ r 1 1™ 
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for some k, > 2m. 

Since s G t, we can relate the integrals on BlpM and on AI using the formulas 
in Proposition [351 We have 

/ 1(S)^= / s— s(p)+0(£'^), 

for some k, > 2m, and also 



/BipA/ "i! A/ m\ (m-2)!' 

Combining these formulas, we have 

l(s + h,) - s(..,) ^ = / h^ — + — - —s{p) + O(e-). 

BipA/ "i! Jm rn\ (m-2)! m! 

From the formula for hi in Lemma 1241 the first 3 terms on the right cancel, 
leaving only 0{£'^). □ 

Letting C be the average of Ini (s + /ii) — s(r2i) with respect to J7i , we can apply 
Proposition [201 to find U2 and h'2 € f}o such that 

Letting h2 = — C, this implies that we can solve (|3ip . with 
(33) ||u2||<.4..^^^ + |/i2|=0(e«), 

with n > 2m. We now let rt2 = ^1 + iddu2. This satisfies the following. 
Lemma 29. 

\\s{n2) - lfl,(s + /li + /l2)|lc1-°„ ^ ^(^")' 

/or some k > 2m. 
Proof. First we have 

s{n2) = s{ni) + Ln, {u2) + Qn, (^2) 

= s(r!i) - V*^Vn, {u2) + i Vs(r!i) -n, Vu2 + Qn, (^2) 

= lf2i(s + hi + /l2) + ^Vs(r2i) -n, VU2 + Qoi(m2) 

= In^is + hi + h2) - ivi(s + /ii + /is) • Vu2 

+ ^Vs(f7i) -ni Vlt2 +Qi2i(M2), 

where by -Oi we indicate that the gradients and inner products are taken with 
respect to Vli instead of Wg. We need to estimate Vs(r2i), and for this we have 



where oj' ~ + tiddui for some t e [0, 1], where we used (jSO)) . We then have 
||Vl(s + /ii + /i2)-Vu2-Vs(17i)-Oi Vu2|U«.° <C'||u2|U4,c =0(e''). 
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by (f33l) . So we only need to estimate Qni{u2), but for this Lemma [T7l implies 

||Qni(w2)|lc«-°„ < C'l|w2|lc,^.° ||u2|lcji°^ 

< C£i-2™||z.2|lc-„/"'lk2||c-„, = Oie-), 

using ([55)1 again. □ 

3.12. Solving the non-linear equation. We are finally ready to try solving the 
equation we need to, i.e. we want u, h such that 

s(f^2 + iddu) = lo2+iaa„(s + hi + + h). 
Expanding this in terms of the linearized operator, we have 

s{^2) + Ln^ {u) + Q02 {u) = (s + /ii + /la) + ^ Vu ■ Vl(s + /ii + /is) 

+ lo2(/i) + ^Vu- V/i, 

which we can write as 

Gi(u,/i) = lo2(s + /ii +/i2) -s(r22) + ^Vu- V/i-Qo2("), 

where Gi is defined by 

Gi(u, h) H - ^Vw ■ Vl(s + /ii + /la) - In^ (^)- 

It follows from Remark [21] and Lemma [29] that this operator Gi is sufhciently 
close to the operator Gi in Proposition [T9l when e ^ 1, so that the inverse Pi from 
Proposition [in] can be used to obtain an inverse Pi for Gi with uniformly bounded 
norm. We are therefore trying to solve the fixed point problem 

(m, /i) =7V(m, /i), 

where 

N{u, h) : Cf" X b ^ Cf" X F 

{u, h) K> Pi (lo, (s + /ii + /12) - s(f^2) + i Vu • V/i - Q02 (")) , 

and (5 = 4 — 2m + t for sufficiently small t > 0. 

The following lemma is essentially identical to Lemma 23 in [32]. 

Lemma 30. There is a constant ci > such that if 

for 1 = 1,2, then 

\\N'{vi,gi) -AA(w2, 32)11^4,.^^ - W2,5i " .92)Ilc*■°xl^• 

We can now complete the proof of Theorem [T^ 
Proof of Theorem From Lemma [25] we have 

IW,0)||c|,.,^^C2£''', 

for some k' > 2m. Define 

^={(^^,5) : |k||c-",|<?K2c2£'''}. 
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If {v, g) G then for sufficiently small e we have \g\ < ci with the ci from Lemma lSOl 
and also 

\\v\\^... ^ Cs'-'\\v\\^... ^ 2Cc,s^'+'-^ < ci, 
for sufficiently small e, since k' + (5 — 2 > 0. It follows that 

\W{v,g)\\ ^ \W{v,g)~M{QM\ + IW,0)|| ^ ]^\\{v , g)\\ + c^e^' ^ 2c2e^' , 

so A/" is a contraction mapping 5* into itself. We can therefore find a fixed point 
(w, h) of M in S, and this gives a solution of the equation 

s(f]2 + iddu) = lo2+ic9a„(s + hi+h2 + h). 

From Lemma [Ml Equation and the fact that ^ 2026" , we have 
s + hi + h2 + h = s + hi + 0{e'^) 



£ 



2m-2 27r , 2mS(p), 



[m — ly. to! 



for some n > 2m. This is what we wanted to prove. Since the solution is obtained 
using the contraction mapping principle, the solution will depend smoothly on the 
parameters. In particular when we perform this construction at the set of all T- 
invariant points in M , then the constant in 0{e'^) can be chosen to be uniform. □ 

4. Relative stability of blowups 

In this section we will give the proof of Theorem [2j Since we want to deal 
with Kahler manifolds which are not necessarily algebraic, we will reformulate a 
simple version of the usual theory of K-stability in the Kahler setting, which is more 
similar to Tian's original definition in [341 than to the more recent algebro-geometric 
approach of Donaldson JT] . 

4.1. Relative K-stability for Kahler manifolds. We will define relative K- 
stability for Kahler manifolds similarly to Tian's definition [SI]. Our definition will 
actually be simpler since we only consider test-configurations with smooth central 
fibers. 

Definition 31. A (smooth) test- configuration for a Kahler manifold (M,ij) consists 
of a holomorphic submersion r : A" — > C together with a holomorphic lift v of the 
vector field ^ , satisfying the following properties: 

(1) X admits a Kahler metric Vl, for which v is a Hamiltonian Killing field. 

(2) The pair (r^"'"(l), is isometric to {M,uj). 

The vector field v gives a Hamiltonian Killing field on the central fiber {Mq,ujq), 
which we will denote by v also. Let us write hy for its Hamiltonian function. The 
Futaki invariant of this vector field is defined (see Futaki [12^ , Calabi [7j ) to be 

(34) Fut(Afo,N],i')- / /i,(s-s(^o))wo: 

J Ma 

where s is the average of the scalar curvature of loq ■ The notation indicates that the 
Futaki invariant does not depend on the particular metric chosen, only its Kahler 
class. 
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For the definition of reiative stability, we need to recall the extremal vector field 
defined by Futaki-Mabuchi [13]. Let us write Auto(Af) for the connected component 
of the identity in the automorphism group of M, and let Auto(M) be the kernel 
of the map from Auto(M) to the Albanese torus of M . Finally, let G C Auto(M) 
be a maximal compact subgroup. Suppose that u) is G-invariant. Then the action 
of G is Hamiltonian with respect to w (see e.g. LeBrun-Simanca [IT])- This means 
that we can identify elements in the Lie algebra g with their Hamiltonian functions, 
normalized to have zero mean. Let us write 

s^^t = projgS(w), 

for the L^-projection of the scalar curvature of lu onto g. The extremal vector field 
is the vector field corresponding to Sext- The main result in |13j is that this vector 
field is independent of the choice of G-invariant metric w. 

Suppose now that T is a maximal torus in G. We say that the test-configuration 
{X^v) is compatible with T, if there is a Hamiltonian holomorphic T-action on X 
preserving the fibers, leaving v invariant, and such that when restricted to t~^(1) it 
recovers the T-action on M . We define the modified Futaki invariant of such a test- 
configuration as follows. As before, the central fiber of the test-configuration has 
an induced Hamiltonian Killing field v. Again, let hv be a Hamiltonian function 
for V, normalized to have zero mean. In addition, [Mq,ljJq) is equipped with a 
Hamiltonian T-action, and in particular the extremal vector field of M induces 
a Hamiltonian holomorphic vector field Vext on Mq, with a Hamiltonian function 

Definition 32. The modified Futaki invariant of the test- configuration is defined 
to be 

Futy^^^{Mo,[uJo],v) ^ / hy{hy^^^ - s{ujo)) i^o ■ 

J Mo 

Note, in particular, that this coincides with the usual Futaki invariant, if hy and 
/ly^^j are orthogonal. 

Definition 33. We say that (M, cj) is K-semistable (with respect to smooth test- 
configurations), if 

Fut(Mo,[wo],i') ^ 0, 

for all smooth test- configurations, compatible with a maximal torus T as above. If 
in addition equality only holds if the central fiber Mq is biholomorphic to M , then 
(M, w) is K-stable. Relative K-stability is defined analogously with the modified 
Futaki invariant replacing the Futaki invariant. 

The following proposition follows from the theorem of Chen-Tian [5], that the 
modified Mabuchi energy is bounded below, if M admits an extremal metric in 
the Kahler class [w]. For test-configurations with smooth central fibers it is fairly 
straight-forward to relate the modified Futaki invariant to the behavior of the mod- 
ified Mabuchi functional. This is explained carefully in Tosatti [36] and Clarke- 
Tipler [9 . As a consequence we have the following. 

Proposition 34. If M admits an extremal metric lo, then (M,uj) is relatively 
K-semistable (with respect to smooth test-configurations). 

Using the method of [27] and [29] we can improve the "semistability" to "stabil- 
ity" , but first we need to study Futaki invariants on blowups. 
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4.2. Futaki invariants on blowups. Suppose that {M,uj) is a Kahler manifold, 
and w is a Hamiltonian liolomorpliic vector field on M, with Hamiltonian function 
hy. If p G M is such that v vanishes at p, then v lifts to a holomorphic vector field 
ii on the blowup BlpAf. Moreover, the lift is Hamiltonian with suitable choices of 
Kahler metric on the blowup, in the class Tr*[uj] — s'^[E]. We need to compute the 
Futaki invariant 

Fut(BlpM, n*[ij]-e^[E],v) 

in terms of the Futaki invariant on M. In the algebraic case this computation 
was done by Stoppa [55], and was refined in [35] (see also Delia Vedova [lO ). On 
Kahler surfaces the first term of the expansion was calculated by Li-Shi [19 under 
the assumption that we blow up a non-degenerate zero of the vector field. We can 
obtain the general result for Kahler manifolds using the simple observation that 
the difference 

Fut(BlpAf, n*[uj] - s'^[E],v) - Fut(M, [uj],v) 

can essentially be computed in a neighborhood of p, since we can choose the metric 
on the blowup to coincide with the metric u outside a neighborhood of p. Indeed this 
is what the metric uie in Section [33] is like. We can also choose the Hamiltonian 
function hy to coincide with hv outside a small ball B around p, by choosing 
hjj — l{hy). We then have the following formulas. 

Proposition 35. For sufficiently small s > we have 

-2m 



(35) 



oj — u!^' — e 

M JBlpM m + i 

s{uj) - [ s{uj,)uj^ = 27rm(TO - l)e^''''-^, 

M JBlpM 

hys{uj) uj"" ^ [ l{hy)s{uje) uj^ = 27rm(m - l)e^"'-^hy{p) 

M JBlpM 

-f 27r(m-2)£2"A/i,„(p). 

Proof. Each of these formulas can be reduced to a calculation on the projective 
space P™. The first and third formulas can also be checked easily using the coho- 
mological interpretations of the integrals. The formulas involving /i^, could also be 
approached using equivariant cohomology, but we will not pursue this. 

In order to reduce the problem to a calculation on P™, note that each pair of 
integrals coincides outside a ball B (in the notation of Section 13.41 we are taking 
B = i?2r )■ So for instance we have 



(36) / w™ - / cjI" = / - / oj^, 

Jm JBlpM Jb JBlpB 

with similar formulas for the other 3 integrals. Since v vanishes at p, we can choose 
coordinates around p in which v is given by a linear transformation. For small 
e > 0, we can therefore choose a metric fl on P™ in the class 01(0(1)), together 
with a holomorphic Killing field V vanishing at a point P e P™ (with Hamiltonian 
hv), such that the data {B2r^{P),^,V, hv) is equivalent in the obvious sense to 
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the corresponding data {B2r^{p),ijJ,v, hy). It follows from (f36|) together with the 
analogous formula on P™, that 

where fi^ is a metric on BlpP™ in the class 7r*[r2] — e'^[E] constructed just like 
we constructed uie- The analogous formula holds for all of the differences that we 
need to compute in Equation (|35l) . We have therefore reduced the problem to a 
calculation on P™. 

On P™ one way to do the calculation would be to perform a computation in 
terms of toric geometry, since we can assume that P is fixed by a maximal torus of 
automorphisms of P™. Alternatively, we can use an algebro-geometric calculation, 
since by continuity it is enough to deal with the case when e is rational. It is 
essentially this that we have already calculated in [32l Lemma 28]. The results 
of that Lemma, together with the calculations in flT, Proposition 2.2.2] imply the 
result we want. □ 

Using this proposition we can compute the Futaki invariant on a blowup, ex- 
tending |3H Corollary 29] to the Kahler case. 

Corollary 36. Suppose that hy is normalized to have zero mean. For sufficiently 
small e > we have an expression 

(37) Fut(BlpM, [uje],v) = Fut(M, [uj],v) + AeK{p) + B,Ahy{p), 

where — 0(£^"'^^) and ~ 0(e^™) are functions of e depending on {M, \uj\). 
One can easily expand A^, i?^ in terms of e. In general 

(38) Fut(BlpAf, [cje], w) = Fut(Af, [w], w) + 2Tim{m - l)e^"'-^K{p) + 0(e2'"). 
Suppose that Fut(Af, [a;], v) = 0, and m > 2. Then 

Fut(BlpM, [we], w) 2nm{m - l)e^''''^^hy{p) 
^^^^ +e2™(2^(m-2)A/i„(p)-s/i„(p)) +0(e2™+2), 

where s is the average scalar curvature of {M,uj). In addition if hy[p) — Ahy(p) = 



0, then Fut(BlpM, [uj,],v) = 0. 

te Se for the 



Proof. Let us write for the average scalar curvature of w^. Then from (j35p we 
have 



(40) ' Vm^J" Ia'^'^ 



and 



(41) 



JAr 

s + 0[e ), 

l{hy)ujT = -£'"/i«(p) -t^Mp), 

BipM m + 1 

l{hy)s{uj,) uj^ = [ h^s{uj) uj"" - 2nm{m - l)e^"'-'^K{p) 
-27r(m-2)£2"A/i^(p). 
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Combining these, and using that 

Fut(M, [uj],v) = - J /i„s(w)a;™ 
since hy has integral zero, we get 

Fut(BlpM, [io,],v) = / l(/i.)(se - siuj,))u;^ 

JBlpM 

Jb\„m Jbi„m 



m + I 



I M 

+ 27rm(m - l)e^''^-^ K{p) + 27r(m - 2)e^"' ^Kij)) 
= Fut(M, M, w) + A^K{p) + B,Ahy{p). 

Here 



= 27r(m - 2)e 



2m 



m + 1 

Using this together with the formula (|40| , we can obtain all the results that we are 
trying to prove. □ 

We need one more result, relating the inner product of holomorphic Killing fields, 
introduced by Futaki-Mabuchi |13j . This inner product is simply the product 
of the Hamiltonian functions, which are normalized to have zero mean. So if v, w 
have Hamiltonians hy,hw, normalized to have zero mean on M, then 

{v,w) = / hyh^uj"^. 

J M 

If w, w vanish at p G M, then the product of the lifts to BlpM is given by 
(42) {v,w)= [ l{hy)l{h^)co^-L [ \{K)uj^ I 

where Ve is the volume of B\pM with respect to w^. The crucial property of this 
inner product is that it is independent of the representative of its Kahler class. 

Proposition 37. Assume that {v,w) — 0. Then for any 6 > we have on the 
blowup BlpM, that 

(z),^i)=0(e"). 

// in addition hy is normalized to have zero mean on M , and hy{p) — 0, then for 
any S > we have 

In fact we could even take S = in both formulas, but we will not need this. 

Proof. We can assume that hy and are normalized to have zero mean on M. 
Then from ([55]) we know that the averages of l{hy) and l{hyj) on BlpM are of order 
e^™, so in the formula (|^ for (t), w) we can ignore the integrals of l{hv) and l{hyj). 
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Since l{hv)l{hw) = h^hw and cje = w outside B2r^, we just need to estimate the 
integrals on B2r^ with respect to the different metrics uj and oJe- The volume of 
B2r^ is 0{rf^) with respect to both lo and so we obtain 

(^» = 0(rf"). 

If in addition /i«((3') — 0, then we have hv € C2, since also Whv{q) = by our 
assumption. It follows that also l{hv) G C^. This implies that 



/ 



h.,h^ C / rV^"-! dr = 0(r2'"+2), 

Jo 



and also 

" 2 2m-l , , 9 9m \ _ n^^2m+2 



Kh^ ljI" ^Cl^J r^r^"-^ dr + e^e^™ j = 0(rf"+^). 

We can do the construction with — e" for any a < 1, and choosing a sufficiently 
close to 1 we obtain the results we want. Note that one can do the analogous cal- 
culation algebro-geometrically and get a more precise result like in Proposition [35l 
but we will not need this. □ 

We can now improve Proposition IMl following Stoppa [37] and to get 

Proposition 38. Suppose that M admits an extremal metric lo. Then (M, [uj]) is 
relatively K-stable (with respect to smooth test-configurations). 

The proof is essentially identical to the argument in [5^, using Proposition [Ml 
together with the formulas that we have shown in this section. In fact our situation 
is simpler since we are only dealing with test-configurations with smooth central 
fiber. 

As an application we have the following proposition, which shows that we can 
only hope to construct extremal metrics on blowups BlpM, for which Vs(a;) van- 
ishes at p. 

Proposition 39. Suppose that {M,uj) is an extremal Kdhler manifold, and p e M 
is such that \7s{uj) does not vanish at p. Then (BlpM, [uj^]) is relatively K-unstable 
for all sufficiently small e > 0. 

Proof. Let T C Gp be a maximal torus, with Lie algebra t. By our assumption, 
s ^ t. We have an orthogonal decomposition 

s = s-'- + St, 

where Sj S t and S""- _L i. Then Vs'^(p) 7^ 0, and we can assume that Vs-*- generates 
a C*-action. If it did not, we could approximate with elements of g orthogonal 
to t, which do generate C*-actions. 

Suppose then that — generates the C*-action A(t), and let q — limj^o - p. 
This way we obtain a test-configuration for (BlpAf, 7r*[w] — with central fiber 

BlqM. The Futaki invariant of the test-configuration is given by 

Fut(Bl,M,7r*M - e^[E], -s^) = Fut(Af, [w], -s^) + 0{e^'"-^), 

using a calculation similar to Corollary [36l Since 

Fut(M,H,-s^)-(-s^,s) = -|ls^||2, 
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we have a constant cq > such that 

Fut{B\qM,T:*[uj] - e^[E], -s-^) < -cq, 

for sufficiently small e. In order to show that (BlpM, L^) is relatively K-unstable, 
we still need to adjust this test-configuration to be orthogonal to t. Since is 
orthogonal to t, it follows from Proposition [37] that for any v G t we have 

(s^,«)=0(e"), 

for any 6 > 0. This means that after modifying the test-configuration with an 
element in t to make it orthogonal to t on B\qM, the Futaki invariant will still be 
negative for sufficiently small e. It follows that {B\pM, L^) is relatively K-unstable 
for sufficiently small e > 0. □ 

4.3. Test- configurations for blowups. In this section we will give the proof of 
Theorem [21 Suppose that {M, uj) is cscK , and suppose that w is a Hamiltonian 
holomorphic vector field on M generating a C*-action \{t). Then for any p e M, 
\{t) induces a test-configuration for (BlpM, [uJe])- The total space of this test- 
configuration is simply the blowup of the product M x C along the closure of the 
orbit 

{{m-p,t) : ieC*}. 

If g = limt_j.o \{t) ■ p, then the central fiber of the test-configuration is (BlgM, w^). 
The induced C*-action on B\qM is given by X{t), which lifts to B\gM since g is a 
fixed point. The formula (|39| can be used to compute the Futaki invariant of this 
test-configuration. 

When combined with Theorem [TJ the following proposition implies Theorem [21 
This proposition generalizes [32l Theorem 5] to Kahler manifolds. 

Proposition 40. Suppose that n > 2, and for some Eq > there does not exist 
q € • p with ^{q) + eAp{q) — for any e G (0,eo)- Then (BlpA/, [iOe]) is 
K-unstable for all sufficiently small e > 0. 

Proof. By moving p in its G"^-orbit, we can assume that Gp is a maximal compact 
subgroup of Gp. Then if T C Gp is a maximal torus, then T° C Gp is also a maximal 
torus. As in Section[2lwc will work with the group Gj-^ ■ The corresponding moment 
map /i^-L is simply the orthogonal projection of /x onto g-pj- . Our assumption says 
that p is unstable for the action of G^j_ with respect to the moment map 

for all sufficiently small e > 0. There are several cases to consider separately. 

• Suppose that p is strictly unstable for the moment map fi^^ ■ This means 
that there is a w G Qt-^ generating a C*-action X{t), such that 

lim(M(A(t).p),i.) <0. 

Write q = limt_s.o A(t) - p. We then have hv{q) < 0. From Corollarv [36] it 
follows that the corresponding test-configuration for (BlpM, [uje]) has Futaki 
invariant 

(43) Fut(BlgM, [w,], {}) < -coe'™-^ 

for some cq > 0. This means that (BlpM, [uje]) is K-unstable. 
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• Suppose that p is semistable for the moment map iirp± , and we can find a 
V G Qt^ generating a C*-action X{t), such that 

lim(/i(A(i) ■p),v) =0 
lim(A/i(A(t) ■p),v} < 0. 

Writing again q = hmt_>o -^(0 ' P then have hy{q) — and Ahy{q) < 0. 
From Corollary 1361 we have 

Fut{B\gM,[w,],v) < -coe^™, 

for some cq > 0, and so it follows that (BlpM, [uJe]) is K-unstable. 

• In the remaining case p is semistable with respect to /i^j- + eAfirp± for all 
sufficiently small e > 0. This implies that we can find in the boundary 
dC ■ p of the G^-orbit such that 

Mt^ (qe) + eAflT± {qe) = 0. 

Since dC • p is a finite union of orbits, at least one orbit must contain 
infinitely many g^. Choose q^^ and to be in the same orbit. Since the 
moment maps are equivariant and T fixes . , we have 

In addition, the projection of the moment map to the stabilizer is an in- 
variant of the orbit, so if q is in the same orbit as the q^^ , then 

prg,(M('?)+e^A/l((7)) ei. 

Since this holds for at least two different e^, we must have 

(44) prg^/i((7),prg^A/i((7) ei. 

It follows that the stabilizer of q^-^ in is reductive and so there is a 
local shce for the action of near q^-^ (see Sjamaar [25] or Snow [26]). 
Using the Hilbert-Mumford criterion applied to the action of the stabilizer 
on the tangent space at q^^ , we can find a, v G g^x generating a C*-action 
X{t), and a point p' G • p, such that q^^ = limt^o X{t) ■ p' . This means 
that there exists a test-configuration for (BlpAf, [a;^]), whose central fiber 
is (BlgM, [we]), writing q = qe^. 

We claim that this test-configuration has zero Futaki invariant. In- 
deed, since w G t^, it follows from pi)) that the Hamiltonian satisfies 
hy[(q) = Ahy{q) — 0. In addition since s G t, we have Fut(M, [w],w) — 0. 
Corollary [36] then implies that Fut(BlgM, [wg], w) — 0. It follows that 
(BlpM, [we]) is K-unstable. 

□ 

Combining our results we can prove Theorem [2] 

Proof of Theorem\^ (1) (2): This follows from Proposition [551 

(2) ^ (3): This is the statement of Proposition HUl 

(3) =^ (1): It follows from Theorem [1] that under the assumption the blowup 
BlpM admits an extremal metric in the class [oJe]- We just need to check that this 
metric has constant scalar curvature. To do this we need to compute the Futaki 
invariant Fut(BlpM, [wg], u) for all v G 0p. Since {M.uj) is cscK we know that 
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Fut(Af, [w],t;) — 0. In addition if e is sufficiently small, then an argument similar 
to the proof of Proposition [7] shows that 

Therefore hy{p) = Ahv{p) — 0, so from Corollary [36] we get Fut(BlpAf, ~ 0. 

It follows that the extremal metric constructed using Theorem[T]has constant scalar 
curvature. □ 
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